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Abstract 
Pseudo-Hermitian systems possessing an antilinear symmetry can exhibit a real spectrum 
in the symmetry-exact phase. Here we show that to achieve pseudo-Hermiticity in photonic 
crystals, the average non-Hermiticity strength within the unit cell for the eigenstates in a 
particular frequency range must be zero. We show that this condition is satisfied in non-
parity-time (PT)-symmetric photonic crystals carrying Dirac-like cone dispersions and that 
such systems possess a ring of exceptional points on the real frequency axis. We 
demonstrate that in the long wavelength limit, such non-Hermitian photonic crystals 
actually behave like the so-called complex conjugate media whose refractive index is real 
but whose permittivity and permeability are complex numbers. 
 
Introduction 
The Hamiltonian of a physical system is usually required to be Hermitian because 
Hermiticity guarantees that the energy spectrum is real. But Hermitian Hamiltonians only 
describe idealized systems because losses are inevitable [1]. In the past decades, there is a 
surge of interest in studying the physics of non-Hermitian systems [2-11]. Most of the 
studies in electronic and classical wave systems focus on PT-symmetric systems which 
carry real eigenfrequencies before entering the symmetry-breaking phase, and many novel 
phenomena have been realized [12-19]. Many of these phenomena are rooted in the concept 
of the exceptional point (EP) [20-23] and the associated square-root singularity. However, 
PT symmetry is not a necessary condition for achieving a real spectrum [24]. A non-
Hermitian system possessing an antilinear symmetry is referred to as pseudo-Hermitian 
system whose eigenfrequencies are real in the symmetry-exact phase and are complex 
conjugate pairs in the symmetry-breaking phase [7,25]. PT symmetry can be considered a 
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subset of the antilinear symmetry class, and real spectra can also be realized in non-PT-
symmetric systems.  
In this paper, we study a non-Hermitian photonic crystal system without PT symmetry. 
Photonic crystals (PCs) consist of microstructures (unit cells) arranged in a periodic 
manner. At the constituent level, the permittivity ( ) r  and permeability ( ) r  of PCs 
are inhomogeneous and vary in real space denoted by the position vector r. The effective 
medium theory (EMT) is derived from averaging the material properties of the PCs [26]. 
In the 0→  and 0k →  limit, the optical properties of a PC can be described by 
effective permittivity and permeability  ( eff  and eff ), and the values of these effective 
constitutive parameters can be derived using EMT. The homogenization procedures 
employed in EMT are usually only rigorously applicable to the limit that both frequency 
and wave-vector goes to zero, but in some special cases, we can relax the constraint so that 
0k → , and   is finite. Systems with Dirac-like cones at 0k =  are known to be one of 
the special cases in which EMT theory can be used to derive meaningful effective 
permittivity and permeability for the 0k →  limit but frequency remains finite (at or near 
the Dirac-like point). The applicability of EMT to systems having a Dirac-like cone has 
been discussed in detail in the literature [27-29], but all prior works are focused on the 
Hermitian PCs. Here, we consider the EMT for non-Hermitian PCs.  
 Achieving antilinear symmetries in non-PT-symmetric PC is highly desirable because 
from an EMT point of view, realizing the real spectra in certain regions of the Brillouin 
zone can lead to new applications. For example, one can then realize complex conjugate 
media (CCM) [30-32], which carries many unusual phenomena, including coherent perfect 
absorption, lasing [33], and negative refraction [34]. The refractive index of CCM is a real 
number, but their permittivity and permeability can both be complex numbers in general 
[30]. From the EMT point of view, achieving a complex conjugate medium using a PC 
requires the non-Hermitian PC to exhibit real frequency bands near the Brillouin zone 
center (  point) because the effective refractive index is real. A pseudo-Hermitian PC can 
obviously meet such a requirement and in this work, we show how the real spectra can be 
realized using non-PT-symmetric PCs that have Dirac-like cone dispersions. The related 
effective parameters are also discussed in detail. 
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In order to understand the underlying physics, we start with a graphene system with 
PT-symmetric non-Hermiticity. We show that to achieve pseudo-Hermitian Hamiltonian, 
the average non-Hermiticity strength (to be defined below) within the unit cell for the 
relevant states must be zero. A PT-symmetric graphene system automatically satisfies this 
condition [35]. Through an analytical two-band non-Hermitian Hamiltonian, we show that 
a non-PT-symmetric PC could also be pseudo-Hermitian in a particular frequency range 
when the average non-Hermiticity of its unit cell is zero. Consequently, the effective 
medium parameters and related scattering properties of such an inhomogeneous PC behave 
indeed like a homogeneous complex conjugate medium. 
 
 
RESULTS  
Pseudo-Hermiticity of a graphene system  
A Hamiltonian H satisfying 
1 †H H − = , where   is an invertible linear Hermitian 
operator, is defined as pseudo-Hermitian Hamiltonian (see Supplementary Note 1 for 
details). The pseudo-Hermitian Hamiltonian is diagonalizable except at the EPs, and we 
can always find an antilinear operator   to make 1 †H H  − = [25]. Hence, the pseudo-
Hermitian Hamiltonian has an antilinear symmetry 
1[ , ] 0H  − = , where 1 −  is an 
antilinear operator. If we choose the linear operator as space reflection operator 
1 ,P − =  
and the antilinear operator as time reversal operator T = , the pseudo-Hermitian 
Hamiltonian is the PT-symmetric Hamiltonian which we are more familiar with. The 
eigenvalues of a pseudo-Hermitian system are real in the symmetry-exact phase and come 
in complex conjugate pairs in the symmetry-breaking phase.  
The relationship between pseudo-Hermiticity and PT symmetry is best illustrated with 
the familiar graphene system, as shown in the inset in Fig. 1a. In it there are two atoms, 
labeled as A and B, inside the unit cell, and Dirac cone dispersions appear in the corners of 
the Brillouin zone. The Hamiltonian describing the Dirac cone dispersion can be written as 
0 x x y yH k k = + , where x  and y  are Pauli matrices and the solid orange lines in Fig. 
1a show the dispersion. The eigenfrequencies of 0H  are real numbers, as 0H  is 
Hermitian. However, the eigenfrequency can still be real if we add a non-Hermitian part to 
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this Hamiltonian. To see this, we add non-Hermiticity Ai  and Bi  to sites A and B, as 
shown in the inset in Fig. 1a. The Hamiltonian can then be written as 
 
0
0
0
x x
B
y
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yH
i
k k H
i
V

 

 
+ + = 

= +

. (1) 
The eigenfrequencies and eigenvectors of the Hermitian part 0 = x x y ykH k +  are 
 ( )0 2 2
x yk k k  +=   ,  (2) 
and 
 ( ) /20 /2 T( , ) / 2k ki iu e e − =  ,  (3) 
where arctan( / )k y xk k = . To facilitate the discussion of the underlying pseudo-
Hermiticity, we introduce the ratio /r B A =  and define the non-Hermitian strength as 
A = . Using these notations, we can express the non-Hermitian part V  in a simple form, 
( )A r BV i= +1 1 , where 
 
1 0 0 0
,
0 0 0 1
A B
   
= =   
   
1 1 .  (4)  
Using the eigenstates of the Hermitian Hamiltonian 
0H  as bases, the non-Hermitian 
Hamiltonian H described by Eq. (1) can be rewritten as (see Supplementary Note 2 for 
details): 
 ( ) ( )m
2 2
Re Ix zy kiH i i    
   
 − + − +
+ −   
= + + − − +   
   
I ,  (5) 
where I  is the identity matrix. In Eq. (5),   
 ( ), , ,m A mm r B mmF F m = + =   (6) 
is the average non-Hermiticity of these two states ( m= ) within the primitive unit cell, 
and  
 , ,A r BF F −+ −+= +   (7) 
is the additional coupling between these two states induced by non-Hermiticity. The central 
quantity 
 ( ) ( )0
',
0
' mm mmF u u = 1  (8) 
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characterizes the eigenmode profiles. , 'mmF  ( 'm m ) expresses the overlapping 
between the eigenmodes m   and 'm  in the domain   (either site A or site B). And 
,mmF  expresses the amplitude distribution of the eigenmode m  in the domain   
( ,A B = ). The eigenfrequencies of H in Eq. (5) are 
 ( ) ( )
2 222 2 / 4
2
iki k

 

      − + − + − +
+
= − − − − − . (9) 
Equation (9) shows that the necessary and sufficient condition for real spectra is 
 0 + −= = ,  (10) 
which is also the criterion of pseudo-Hermiticity (see Supplementary Note 1 for details). 
In the physical sense, 0 + −= =  mean that the average non-Hermiticity within the unit 
cell must be zero for these two states m= . According to Eq. (6) and the orthonormal 
relation , ' , ' 'A mm B mm mmF F + =  where 'mm  is the Kronecker delta function , we solve a 
specific value of r  for 0  =  as 
 , ,
, ,1
A mm A mm
r
B mm A mm
F F
F F
= − = −
−
. (11) 
The value of r  should be equal for both states, m = +  and m = − . Therefore, we need 
 , ,F F ++  −−= ,  (12) 
which means that the amplitude distribution of the eigenmodes for these two bands ( m= ) 
in the domain   ( ,A B = ) must be equal.  
In the graphene system, by substituting the eigenvectors Eq. (3) into Eq. (8), we 
obtain 
 ( ), , 1/ 2A mm B mmF F m= = =  .  (13) 
Therefore, we solve 1r = − , and Eq. (5) is reduced to  
 z xiH k += − . (14) 
The eigenvalues of the above Hamiltonian are 
2 2 1/2( )k  − . When 2 2 0k − = , the EPs 
marked by the green dots in Fig. 1a will emerge [32]. Two bands will coalesce, and the 
Hamiltonian is defective at those EPs [6]. Figure 1a shows that a ring ( 2 2 | |x yk k k = + =  ) 
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formed by EPs will divide the wave vector space ( , )x yk k=k  into two regions. The 
| |k   region is the symmetry-exact phase, in which the eigenfrequencies are real. The 
| |k   region is the symmetry-breaking phase, in which the eigenfrequencies are complex 
conjugate pairs. Therefore, the Hamiltonian Eq. (14) is pseudo-Hermitian; and thus the 
related antilinear symmetry should exist [25]. If we choose the linear operator z = , we 
find:   
 †z zH H  = .  (15) 
Hence, we can say H is 
z -pseudo-Hermitian (see Supplementary Note 1 for details). 
The values of    deserve additional comments. According to Eq. (6), the values of 
   depend not only on the distributions of non-Hermiticity (described by r ) in the unit 
cell but also on the eigenmode profiles (as described by ,mmF ). The criteria of the non-
Hermitian system being pseudo-Hermitian (possessing real spectra) are 0 + −= = , 
which requires , ,F F ++  −−= . In the graphene system, the eigenmode profiles of the Dirac 
cone satisfy ( ), 1/ 2, ,mm A BF m  = == ， , resulting in the loss-gain ratio 1r = − . 
Thus, the non-Hermiticity distribution in the graphene system is A B = − , and the 
graphene is PT-symmetric in real space, where P represents space reflection and T 
represents time reversal. However, for a general non-Hermitian lattice without eigenmode 
profile like ( ), 1/ 2, ,mm A BF m  = == ， , the relative ratio of non-Hermiticity r  
should be modified, and the non-Hermitian lattice may not be PT-symmetric in real space. 
We will give an example of that in the next section. 
 
Pseudo-Hermitian photonic crystals 
We now consider a non-Hermitian PC system without PT symmetry and set out to 
investigate how a real eigenvalue spectrum can arise. As shown in Fig. 1b, we consider a 
two-dimensional (2D) PC with rods arranged in a square lattice in the x y−  plane. The 
electromagnetic waves propagate in the x y−  plane and are uniform along the z-direction. 
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In this paper, we consider the transverse-magnetic (TM) polarization, where the electric 
field ˆEz=E  is normal to the x y−  plane, and the magnetic field H  is in the plane.  
As shown in the inset of Fig. 1b, within the unit cell with a lattice constant a , the rod 
(domain A, the blue region) having a radius cr , and relative permittivity 
A cr A cri i    = + = +  is embedded in a background medium (domain B, the grey region) 
with relative permittivity B br B br ri i    = + = + . In this paper, we set 1br =  in the 
calculation and the relative permeability   of both media as 1.0. The positive (negative) 
sign of   indicates that the rod consists of a lossy (active) medium. A positive sign of 
r  indicates that the rod and background are either both lossy or both active, while a 
negative sign means that one is lossy and the other is active.  
In the Hermitian limit ( 0 = ), this system has a Dirac-like cone dispersion [29] at the 
Brillouin zone center induced by accidental degeneracy. The schematic picture of band 
dispersions of the Dirac-like cone is shown by the solid orange lines in Fig. 1b. (Compared 
with the Dirac cone of graphene at the Brillouin zone corner, there is an additional flat band 
in the Dirac-like cone at 0k = .) It has been experimentally confirmed that the radiation 
existing in an open system can spawn rings of EPs in the wave vector space ( , )x yk k=k  
out of Dirac-like cones [36]; but the imaginary parts of the eigenfrequencies are negative 
because of radiation loss. Now we will see whether we can tune the bands outside the ring 
to become real spectra by adding gain into the system. In such cases, the effective 
Hamiltonian of the bands should become pseudo-Hermitian. Here the blue dashed lines in 
Fig. 1b give a schematic picture of the pseudo-Hermitian bands.  
In the non-Hermitian 2D PC system, we build a non-Hermitian Hamiltonian model 
for the two linearly dispersive bands of the Dirac-like cone (see Methods) as follows: 
 
( ) ( )
( ) ( )
0(0) (0)
0* (0) (0)
11
1
W i i W W
i W W W i
H
 
  
− + − +
− + + −
 + −
 
 − + 
=  , (16) 
where ( ) ( )2 21 | |i       − + − += + + + − , ( ) ( )0 0 2( / )W c = , and ( )0  are the 
eigenfrequencies of the two linearly dispersive bands. The definitions of    and   here 
are the same as those in the graphene system, with the rod (air) domain acting as the 
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counterpart of site A (site B). Near the Γ point, we can expand W−  and W+  for a small 
| |k  k  into  
 
( ) ( )
20
/ /d g d gW c v k c W C k =  , (17) 
where 
22 /g d gC v c= , ( )
2
/d dW c= , and d  is the Dirac-like point frequency. The 
band slope gv  can be obtained from numerical results in Fig. 2a, where we assume gv  is 
a constant along all directions in the wave vector space, which is an excellent 
approximation of a conical dispersion at 0k =  for a system with C4v symmetry.  
In analogy with the pseudo-Hermitian criteria of graphene system, we can easily check 
that setting 0  =  in Eq. (16) implies pseudo-Hermiticity (See Supplementary Note 3 
for details). This indicates that pseudo-Hermiticity in the PC system shares the same 
mechanism as that in the graphene system, though the former is much more complicated. 
Incorporating Eq. (17) and 0  =  into Eq. (16), we can write the pseudo-Hermitian 
Hamiltonian using Pauli matrices as 
 ( ) ( ) ( )
2
21 Re Imd g xdz g yW C k iH W C k     

 
 − −  
 
= − −I ,  (18) 
where 2 21 | | +=  is a real number. The corresponding eigenvalues are 
 ( ) ( )
2
2 2 2 2 21 1 | | | |d g dW W C k W   


 
=  + − 
 
. (19) 
By setting the value under the square root in Eq. (19) as zero, we know that, in the wave 
vector space, EPs form a ring with a radius 
 ( )221/ 1c b bk k k  −−= +  ,  
where / 2b d gk v=  is the upper bound of the ring’s radius. This means that the radius of 
the EP ring in k space cannot exceed bk  for any value of  . In general, | |  is a small 
number, and the radius of the ring can be reduced to c bk k  . The eigenvalues are real 
outside the ring (
ck k ) and form complex conjugate pairs inside the ring ( ck k ).  
By analogy with the graphene system, we can set the linear operator as z = . The 
Hamiltonian (18) is pseudo-Hermitian and satisfies 
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 †z zH H  = .       (20) 
And we note that  
 ( ) ( ) ( )
†
z zH H H    = = −   (21) 
which means the operator 
z  transform the system with non-Hermiticity  + = +  into 
its complex conjugate-paired system  − = − . Unlike the graphene system, which is PT-
symmetric in real space, the non-Hermiticity of the pseudo-Hermitian PC system is not PT-
symmetric in real space. 
Realizing the pseudo-Hermitian condition using a Dirac-like cone  
In this section, we will show how to achieve the pseudo-Hermitian condition 0  =   in 
a PC exhibiting a Dirac-like cone in the Brillouin zone center. , 'mmF  defined in Eq. (35) 
for the Dirac-like cone in a PC should be computed numerically because the eigenmodes 
( ) ( )0u k r  do not have analytical forms. , 'mmF  depends on the structural details of the PC 
such as the filling ratio and the contrast between the permittivity of the cylinder and that 
of the background.  
Substituting the orthonormal relationship ( ), ' , ' 'A A mm B B mm mmF F  + =  into the pseudo-
Hermitian criteria 0  =  (see Methods), we solve a specific value of r  
 
, ,
, ,
,
1
A mm A mm B
r
B mm A mm A
F F
F F


− −
= =
−
  (22) 
for both m = −  and m = + . Equation (22) shows that to find the value of r , we must 
tune the system parameters so that the system satisfies , ,A AF F++ −−= . 
The band dispersions of the Dirac-like cone ( 0.1999cr a= ) are shown in Fig. 2a, and 
we demonstrate that the condition , ,A AF F++ −−=  can always be achieved near the Dirac-
like cone (see Supplementary Note 5 and Supplementary Fig. S1 for details). Figure 2b 
plots the amplitude distribution functions ,mmF   of the three bands of the Dirac-like 
cone. We can see that there is an intersection at / 2 0.019xk a  =  (marked by the dashed 
line), and then Eq. (22) determines the gain-to-loss ratio 0.15235r = − . Therefore, 
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0  =  is realized at / 2 0.019xk a  =  as shown in Fig. 2c. Physically, the existence of 
such an intersection is guaranteed by the band inversion in the Dirac-like cone [29]. Note 
that the gain-to-loss ratio r  is obtained for a specific k in the X−  direction. This 
specific r  only satisfies the criterion ( ) 0  =k  at one k point. However, as shown in 
Fig. 2c, 0   at other k points (except very close to  ) in the X−  and M−  
directions. Therefore, the criterion ( ) 0  =k  is approximately fulfilled for all of the k 
points near the Dirac-like cone except the   point. 
As the symmetry at the   point is higher than that at other k points, we can analyze 
its eigenfrequency behavior separately. The symmetry of the eigenstates at the   point 
guarantees that all three bands are decoupled (see Supplementary Note 4 for details), so 
that the coupling terms * 0 = =  in Eq. (41). Given that three bands are degenerate at 
the Dirac-like point, i.e., 
( )0
m dW W= , the eigenvalues of the Hamiltonian at the   point 
become ( )/ 1m d mW W i= + . If we wish to achieve pseudo-Hermiticity in these bands, 
then the upper and lower eigenvalues must form a complex conjugate pair, namely 
*W W− += . This requires  − += − , which is the pseudo-Hermitian condition at the   point. 
This criterion is in fact less demanding than 0  =  for the other k points due to the higher 
symmetry at the   point. From Fig. 2c, we can see that at the   point  − + − , 
indicating that the criterion for pseudo-Hermitian bands at that point is also fulfilled.  
Since the pseudo-Hermitian condition for all of the k points near the Dirac-like cone 
are approximately fulfilled, we can calculate the complex frequency band structures to 
verify the pseudo-Hermiticity. We plot the complex band structure for 0.367 = +  along 
the M X−−  direction in Figs. 3a and 3b and compare it with that determined numerically 
using COMSOL. The analytical results are shown by the solid green lines and the 
COMSOL results by open circles. The validity of our non-Hermitian Hamiltonian model 
is demonstrated by the good agreement between the two sets of results. We can see that 
EPs appear in both the X−  and M−  directions. To show that these EPs form a ring 
in k space, we plot the three-dimensional complex band structure in Figs. 3c and 3d using 
Eq. (19) and COMSOL, as shown by green surfaces (analytical results) and filled dots 
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(numerical results), respectively. The analytical model (19) predicts that 
ck k=  form a 
ring of EPs. The COMSOL results also show a ring of EPs, confirming our theoretical 
model. Note that in the above analysis, we have assumed that | |  ,    are all 
independent of k, and choose their values obtained at / 2 0.019xk a  = . In principle, this 
two-band Hamiltonian model is only applicable to k points along the X−  and M−  
directions because of the group symmetry. But the good agreement between the analytical 
and numerical results in Fig. 3 supports these assumptions and the two-band model for k 
points along other directions. This is because we are focusing on the behavior near the   
point of a C4v system.  
Now let us compare the system with non-Hermiticity 0.367 + = +  with its complex 
conjugate-paired system 0.367 − = − . If we replace  +  by  − , the eigenfrequencies 
described by Eq. (19) are the same but the Hamiltonians (18) are different as described 
by Eq. (21). In other words, these two systems (  +  and  − ) possess the same band 
dispersion, but the eigenfunctions are different (see Supplementary Note 6 for details) and 
hence they can display different scattering behaviors, as we will show later. 
 
Pseudo-Hermiticity and complex conjugate media 
The optical properties of a PC carrying a Dirac-like cone in the Brillouin zone center can 
be described using an effective refractive index medium [29] in which the effective 
permittivity and permeability are simultaneously zero. We have shown in previous sections 
that the Dirac-like cone could spawn a ring of EPs on the real frequency axis by employing 
pseudo-Hermiticity. It is interesting to see what type of effective medium corresponds to 
the PC carrying a Dirac-like cone when non-Hermicity is introduced. In this section, we 
will establish the EMT of non-Hermitian PC for describing the physics near the   point 
and study the related scattering properties.  
We calculate the effective parameters using a boundary field averaging method [37]. 
Assuming that the wave ˆkx=k propagates along the x  direction, we define 
/ / / ( )z yZ E H k k = = − = −  for a plane wave traveling in a homogeneous medium 
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to express the ratio between the electric fields and the magnetic fields. For the 
inhomogeneous PC system, the average field ratio is defined as 
 
PC
zPC I
PC
y
I
E dy
Z
H dy
=


, (23) 
where PCE  and PCH  are obtained from the eigenfields at the incident boundary I. 
When we calculate effective parameters of the non-Hermitian PC as functions of frequency, 
the frequencies should take real-valued numbers. Because in actual experiments, the 
incident light comes with a real frequency. Therefore, within the PC, the eigenfields PCE  
and PCH  are obtained by solving the “complex-valued ( )k  vs. real-valued  ” band 
structures [38]. In Fig. 4a, we plot the “complex-valued ( )k ” band structure of the non-
Hermitian 2D PC calculated using COMSOL. We note that the imaginary parts of the bands 
(red lines) are almost zero, and for real bands, the “complex-valued ( )k ” band structure 
should agree well with the “complex-valued ( ) k vs. real-valued k” band structure (see 
Supplementary Fig. S6 for details). In Fig. 4b, we plot PCZ  defined in Eq. (23) for the 
corresponding two bands (dashed lines and solid lines) in Fig. 4a. The effective permittivity 
and permeability can be calculated as follows: 
 eff eff
0 0
, PC
PC
k k
Z
Z
 
  
− −
= = .  (24) 
We plot the real and imaginary parts of ( )eff eff   by squares (stars) in Figs. 4c and 4d, 
respectively. Although there are two bands (k and -k) for one real-valued  , the effective 
parameters eff  and eff  obtained from these two bands are the same.  
It is known that for the Hermitian case ( 0 = ), the effective parameters eff  and 
eff  of the PC are real and approach zero near the Dirac-like cone frequency, indicating 
that the PC can be treated as a zero refractive index medium. When 0.367 = + , the 
effective parameters eff  and eff  of the PC obtain imaginary parts as shown in Fig. 4d. 
However, we note that the effective refractive index 
2 2
eff eff eff 0( / )n k k = =  is a real 
number, where 0 /k c=  is the wave vector in air. This automatically indicates the 
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inhomogeneous PCs behaves like the homogeneous CCM. The real effective refractive 
index does not necessarily imply a simple loss-gain compensation, because eff  and eff
have imaginary parts. And it can be proved that ( ) ( ),*eff eff
  + −=  and ( ) ( ),*eff eff
  + −=  (see 
Supplementary Note 7 for details). Heuristically, this can be understood in the following 
way.  The  +  PC can be obtained after we operate time reversal T (or complex conjugate) 
on the  −  PC, so the corresponding effective medium can also be obtained by operating 
time reversal. Therefore, the effective parameters of the  +  PC are related to the effective 
parameters of the  −  PC by taking the complex conjugate.  
Physically, the relations can be understood as follows. In 2D PCs with dielectric 
cylinders in the Ez polarization, we know that eff  and eff  are determined respectively 
by the monopolar and dipolar resonances [27]. So for 0.367 + = + , the imaginary parts of 
eff  are negative as shown by the filled red squares in Fig. 4d, because the monopolar 
mode is concentrated inside the background medium which is active. Similarly, the 
imaginary parts of eff  (filled red stars in Fig. 4d) are positive because the dipolar mode 
is localized inside the cylinder which is lossy (see Supplementary Fig. S4 for details). If 
we change the sign of   (changing the loss in the cylinder into a gain), the effective 
parameters become complex conjugates to themselves. These arguments based on 
eigenfield patterns also suggest that 
( ) ( ),*
eff eff
  + −=  and ( ) ( ),*eff eff
  + −= .  
The complex conjugate-paired systems (  +  and  − ) have dramatically different 
effects on the scattering properties of electromagnetic waves. To demonstrate this, we 
consider a slab with thickness d formed by the homogeneous effective media (EM) with 
the parameters 
effn  and eff , as shown in Fig. 5a. We assume that plane waves propagate 
along the x direction with an electric field polarized along the z direction and that the EM 
slab (the blue region) is embedded in air (the grey region). The electric field in the air can 
be written as ( ) ( )1 0 1 0( ) exp expE x a ik x b ik x= + −  for / 2x d − , and as 
( ) ( )2 0 2 0( ) exp expE x b ik x a ik x= + −  for / 2x d . The amplitudes of incoming- and 
outcoming-propagating waves are related by [33] 
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2 1 1
1 2 2
b a at r
S
b a ar t
      
= =      
      
,  (25) 
where r  and t  represent the transmission and reflection coefficients of the slab for 
normal incident plane waves. The scattering matrix S of the homogeneous EM slab can 
then be evaluated as  
 
12
1222
11
1
M
S
MM
 
=  
 
,  (26) 
where  
 ( )
2 2
eff eff
12
eff eff
sin
2
n
M i kd
n


−
= ,  (27) 
 
( ) ( ) ( )0
2 2
eff eff
22
eff eff
cos sin
2
idk n
M e kd i kd
n


 +
= − 
 
,  (28) 
and 0 effk k n=  is the wave vector in the slab. The corresponding eigenvalues of the S 
matrix are 
  12
22
1
1 M
M
 =  .         (29) 
These eigenvalues can be used to determine the S matrix poles (1/ Max | | 0 → ) where 
lasing occurs. For a slab composed of CCM ( eff 0Im( ) Im( / ) 0n k k= = ), kd  is a real 
number. For the S matrix to have poles, we require 22 0M = , and therefore we obtain 
 ( )
2 2
eff eff
eff eff
2 cot
n
i kd
n


+
= − . (30) 
To satisfy Eq. (30), 
eff  must be an imaginary number. Figure 4c and 4d show the 
effective parameters 
( )
eff

 +  and 
( )
eff

 +  of PCs with non-Hermiticity 0.367 = + . We find
( )
effRe( ) 0

 + =  at / 2 0.5416a c  = , and we can solve Eq. (30) to obtain the slab 
thickness / 17.4d a = . For PCs with non-Hermiticity 0.367 = − , the effective 
parameters are 
( ) ( )+ *
eff eff=
 
 −  and 
( ) ( )+ *
eff eff=
  − , and we can solve the slab thickness 
/ 8.9d a = . 
 15 
Figures 5c and 5e show the contour plots of 1/ Max | |  in the ( / 2 , /a c d a  ) 
plane for EM slab with ( ) ( )
eff eff( , )
  + +  and ( ) ( )eff eff( , )
  − −  respectively. To verify the 
scattering poles (1/ Max | | 0 → ), in Figs. 5b, we plot the transmission 
2| |R r=  and 
reflection 2| |T t=  of slabs formed by homogeneous EM by squares and PCs by solid lines. 
The schematic of the one-dimensional scattering problem of slab formed by PCs is plotted 
in Fig. 5b. We set the thickness of the slab / 17d a = , because the thickness of the slab 
formed by PCs must be an integer. The good agreement between the EM and PCs results 
shows that the effective parameters shown in Figs. 4c and 4d essentially reproduce the 
physics. We can see that the system indeed has the transmission and reflection singularities 
at / 2 0.5416a c  =  in Fig. 5d. This indicates that we can observe the poles of the S 
matrix from the transport configuration. Similarly, the pole in Fig. 5e at / 8.9d a =  and 
/ 2 0.5416a c  =  for ( ) ( )
eff eff( , )
  − −  is also verified by the transmission and reflection 
singularities in Fig. 5f, where / 9d a = . When we change the sign of  , the real bands of 
the PCs remains almost the same but the non-Hermitian PCs do not have time reversal 
symmetry. Although the refractive index satisfies ( ) ( )eff effn n
 + − , the scattering phenomena 
change drastically because the effective permeability has imaginary parts, and 
( ) ( )
eff eff
  + − . This illustrates that the S matrix poles depend not only on the refractive index 
but also on the permeability as shown in Eq. (30). The sum of the transmission and 
reflection is not equal to unity, although the slab’s effective refractive index is real. A real 
refractive index does not necessarily imply energy compensation. The focusing effect of 
our PCs as a lens is also different for these complex paired systems (see Supplementary 
Note 8 for details).  
 
Discussion 
In this work, we find that in order to achieve real eigenvalues in a non-Hermitian periodic 
system, the “average non-Hermiticity” within the unit cell must be zero. As an example, 
we show that a non-Hermitian PC without PT symmetry can have real eigenvalues when 
such a condition is fulfilled. We showed that the pseudo-Hermitian condition can always 
be fulfilled in two-component PCs carrying Dirac-like cones with bands arising from 
 16 
monopolar and dipolar resonances. These non-Hermitian PCs carrying Dirac-like cones 
can be used to realize CCM near the Dirac-point frequency, where a real spectrum 
guarantees a real refractive index and the non-Hermiticity guarantees complex permittivity 
and permeability. 
 
Methods 
Building a Non-Hermitian Hamiltonian model to describe the band structure  
In this paper, we focus on TM polarization and the eigenvalue problem of the 2D PC shown 
in the inset of Fig. 1b, can be described by a Helmholtz equation as [39] 
 ( ) ( )
2
2 0E
c


  
 + =  
   
r r ,  (31) 
where   is the angular frequency and c  the speed of light. In principle, the 
eigenfrequency and eigenfunction of Bloch states for the 2D PC with complex permittivity 
can be obtained by solving Eq. (31) numerically. However, we are aiming to formulate a 
non-Hermitian Hamiltonian model to study analytically the band structure of the non-
Hermitian PC.  
To calculate the complex band structure of a non-Hermitian ( Im[ ( )] 0 r ) PC, we 
construct a model Hamiltonian using Hermitian ( Im[ ( )] 0 =r ) system’s Bloch states 
obtained at a fixed value of k as the bases [21]. The Bloch states for Hermitian system can 
be expressed as 
( ) ( ) ( ) ( )0 0 in nE u e
= k r
k k
r r , where n denotes the band index and is a positive 
integer. The periodic function 
( ) ( )0nuk r  and the corresponding eigenfrequency ( )
0
nk  can 
be obtained numerically using COMSOL. To construct the Hamiltonian for any given k, 
we express Bloch wave functions of the non-Hermitian system as ( ) ( ) ,in nE u e
= k rk kr r  
with ( ) ( ) ( )0,
1
n n m m
m
u u
+
=
=k k kr r . Substituting this expansion into Eq. (31), we arrive at  
 ( )
( )
( ) ( ) ( )
22 20
0
,
1
0
c c c
n m n
n m r i m
m
i u
  
  
+
=
        − + =              
 k k kk kr r r   (32) 
 17 
where ( )r r  and ( )i r  are respectively the real parts and imaginary parts of permittivity, 
and ( )
0
mk  and nk  are eigenfrequencies for ( ) 0i =r  and ( ) 0i r  case. Multiplying 
Eq. (32) by 
( ) ( )0 ,*'muk r  and integrating it within a unit cell, we obtain  
( )( ) ( ) ( )( ) ( )( )( )0 2 2, ,' ' '
1 1
( / ) ( / )n m r m n n m r im m m m m m
m m
c c i      
+ +
= =
= + k k k kk k k     (33) 
in which  
 ( )( ) ( ) ( ) ( ) ( ) ( )0 ,* 02, ' ,' dr i m r i mm m r u u =  k kk r r r ,  
is the integration within a unit cell for a specific Bloch k.  
We use the orthonormal relation  
 
( ) ( ) ( ) ( ) ( )
*0 02
'd =m r m mmr u u  k kr r r’   (34) 
to normalize the eigenvector 
( ) ( )0muk r . By analogy with Eq. (8) of the graphene system, 
in order to characterize the eigenmode profiles, we introduce a quantity  
 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )0 0 , 00' ''
*2
, dmm mmm mF u u ru u 

= =  k kr 1 r r r r   (35) 
where  
 ( )
1
0


= 

r
1 r
r
,  
is an indicator function (or a high dimensional step function) and   denotes the rod 
( | | crr  ) or air ( | | crr ) domain. Then the orthonormal relation in Eq. (34) can be 
rewritten as 
 ( ), ' , ' 'A A mm B B mm mmF F  + = ,  (36) 
where 
A cr =  denotes the relative permittivity of the rod domain and 1B br = =  
represents the relative permittivity of the air domain.  
    The eigenvalue problem described by Eq. (33) can be rewritten as a generalized 
eigenvalue problem for a specific k as 
                         ( )
2
2 1/n n nH p c H p= k k k              (37) 
where ,( , )
T
n n mp =k k  are the eigenvectors. The matrices in Eq. (37) are  
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 ( ) ( ) ( ) ( )( )
2
0
1 ' , ' , ' 2 '' '
= ,mm A mm B mm mm kmmm mmrH i F F H   + + = .      (38) 
For convenience, we omit the subscript k for simplicity and rewrite Eq. (37) as  
                             n n nH p W p =                            (39) 
where ( )
2
/n nW c=  is generally a complex number, and  
 ( )
1
1 2H H H
−
= .  (40) 
This Hamiltonian model formulation only needs the eigenfrequencies and the 
eigenfunctions of the system in Hermitian limit.  
 
Formulation of the two-band non-Hermitian Hamiltonian for the Dirac-like cone 
Since , 'mmF   involves the spatial integrations of eigenfunctions of Hermitian systems, 
symmetry plays an important role here. In our system, we choose the center of the rod as 
origin. If the states m  and 'm  have the same spatial symmetry (for example, both of 
them are even about the x axis), , 'mmF  is non-zero. If the states m  and 'm  have 
opposite spatial symmetry (one is odd and the other is even), , 'mmF  will be zero. This 
symmetry-based argument can further simplify our Hamiltonian and offers us a good tool 
to analyze the non-Hermiticity.  
    We first derive an analytical form of the Hamiltonian using only three bands, namely 
the three bands of the Dirac-like cone. According to group theory, we know that along the 
M X−−  direction (the subgroup is 1hC ), the eigenfunctions for the flat band [39] are 
odd functions ( ( ) ( ) ( ) ( ) ( ) ( )0 0 0, , , ,y m m mM u x y u x y u x y m f= − = − =k k k ) under the mirror reflection 
yM , while the eigenfunctions for the two linear bands are even functions 
( ( ) ( ) ( ) ( ) ( ) ( )0 0 0, , , , ,y m m mM u x y u x y u x y m= − = = − +k k k ). The even/odd symmetry characters are 
labeled in Fig. 2a. Since the two linearly dispersive bands ( m= ) are even while the flat 
band ( m f= ) is an odd mode, the matrix elements , fF   and , fF   in H  are all zero, 
implying that there is no non-Hermiticity-induced coupling between the flat band and the 
linear bands. Therefore, the Hamiltonian matrices 
1H  and 2H  in Eq. (40) can be 
formally written as 
 19 
 1 1 1
*
1 0 0 0
0 1 0 0 0
0 0 1 0
r i fH H H i
 
 
 
−
+
   
   
 + = +   
   
   
  (41) 
 
(0)
(0)
2
(0)
0 0
0 0
0 0
f
W
H W
W
−
+
 
 
=  
 
 
  (42) 
where 
( ) ( )( )
2
0 0
/m mW c= . In Eq. (41)  
 ( ), , , , ,m A mm r B mmF F m f = + = − +   (43) 
is a real number, representing the average non-Hermiticity of state m within the primitive 
unit cell, and 
 , ,A r BF F −+ +−= +   (44) 
is a complex number, representing an overlapping between two eigenmodes ( ),− + . As 
some elements in Eq. (41) are zero, we can decouple the flat band from the Hamiltonian, 
and write the Hamiltonian as 
 
( )
( )
(0) (0)
1
1 2 * (0) (0)
11
1
W i i W
H H H
i W W i
 
 
− + +−
− + −
 + −
=  =   − + 
,  (45)     
where ( ) ( )2 21 | |i       − + − += + + + − . Note that 2H  is a diagonal matrix, and after 
a similar transformation, the Hamiltonian H described by Eq. (45) becomes 
 ( )
( ) ( )
( ) ( )
11/2 1/2 1/
) 0(0 (0)
0* (0)
2 1/2
2
(0
2 2
)
1 2
11
1
W i i W W
i W W W i
H H HH H H H
 
  
− + − +
− + + −
−−
 + −
 
 − +
= =

=  (46) 
with  
 
(0)
(0
2
)
1/
2
0
0 W
H
W−
+
 
 =
 
 
  (47) 
being the change-of-basis matrix. 
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Code availability. Code used to generate the data shown here are available upon 
reasonable request from the corresponding author. 
 
Data availability Data that supports the findings of this study are available upon 
reasonable request from the corresponding author. 
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Fig. 1 Schematic band dispersions. (a) Schematic band dispersions of the Dirac 
cone at the Brillouin zone corner in the graphene system. (b) Schematic band 
dispersions of the Dirac-like cone at the Brillouin zone center in the rod-in-air 
square lattice photonic system. The horizontal axes represent the Bloch wave 
number and the vertical axes the eigenfrequencies. The inset in (a) shows the unit 
cell of the graphene lattice, and the non-Hermiticity of sublattice A (B) as ( )A Bi i  . 
The inset in (b) shows the unit cell of the square lattice, and that the non-Hermiticity 
of the rod (the blue region) and that of the background material (the grey region) 
are Ai  and Bi  respectively. The solid orange lines show band dispersions in 
the Hermitian case ( 0A B = = ), while the blue dashed lines show the real parts 
of band dispersions in the non-Hermitian case. The green dots mark the EPs. 
  
 23 
 
Fig. 2 Eigenfrequencies and amplitude distribution functions (see text) near the   
point for the Dirac-like cone. (a) Band dispersions calculated using COMSOL. (b) 
Amplitude distribution functions near the   point for the upper band m = +  (even 
mode), flat band m f=  (odd mode), and lower band m = −  (even mode). (c) 
The values of 
m  as a function of | |k  for the two linear bands calculated by 
setting the gain-to-loss ratio 0.15235r = − . The vertical dashed line denotes the 
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intersection of ,F ++  and ,F −−  at 0.019/ 2xk a  = , and the values of    on this 
dashed line are zero. The inset in (a) shows a schematic of the 2D PC, which is 
constructed with cylinders ( 0.1999c ar = ) having relative permittivity 12.5A =  (the 
blue areas) embedded in a background medium with relative permittivity 1B =  
(the grey areas). The inset in (c) represents the first Brillouin zone of the square 
lattice. 
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Fig. 3 Band dispersions of the pseudo-Hermitian bands. (a) and (c) being real 
parts, and (b) and (d) being imaginary parts of complex band structures for the 2D 
PC with 0.367 = +  and 0.15235r = − . The complex eigenfrequencies along the 
M X−−  direction are shown in (a) and (b). The open circles are calculated using 
COMSOL, while the green solid lines are calculated using the analytical model 
( 0.295gv c=  and 
2
0.00318 = ). The complex eigenfrequencies in the two-
dimensional Bloch k space are shown in (c) and (d). The green surfaces represent 
the results from the analytical model, while the solid dots represent different bands 
calculated using COMSOL. The other parameters are 0.1999c ar = , 12.5A i = + , 
and 1 rB i = + . 
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Fig. 4 Effective parameters obtained from the pseudo-Hermitian bands. (a) 
“Complex-valued k” band structure for pseudo-Hermitian bands of the PC with 
parameters 0.367 = +  and 0.15235r = − . (b) The averaged field ratio 
PCZ  are 
calculated by the eigenfields of the PC. The real (imaginary) parts of the two bands 
are represented respectively by solid and dashed green (red) lines. The real parts 
(green) and imaginary parts (red) of the effective eff  and eff  obtained from 
these two bands are plotted in squares and in stars, respectively in (c) and (d). 
The other parameters are 0.1999c ar = , 12.5A i = + , and 1 rB i = + . 
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Fig. 5 The schematic pictures of wave scattering in the one-dimensional structure 
are plotted for EM in (a) and for PCs in (b). The grey regions represent air, the blue 
rectangle in (a) the homogeneous EM, and the blue circles in (b) the cylinders of 
the PCs. Contour plot of 1/ Max | |  as a function of frequency   and slab 
thickness d  for the EM with parameters ( )eff

 +  and ( )eff

 +  shown in Figs. 4c and 
4d is plotted in (c). The contour plot for EM with parameters ( )eff

 −  and ( )eff

 −  is 
plotted in (e). The black and red solid lines represent respectively the reflection 
( 2| |R r= ) and transmission ( 2| |T t= ) for slab formed by PCs, while the black and 
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red squares represent respectively reflection transmissions for slab formed by EM. 
The non-Hermiticity strength of PCs are (d) 0.367 = +  and (f) 0.367 = − . The 
slab thicknesses are / 17d a =  in (b) and / 9d a =  in (d). The other parameters 
for the PC are 0.1999c ar = , 0.15235r = − , 12.5A i = + , and 1 rB i = + .  
 
 
 
